Abstract. Algebras of functions on quantum weighted projective spaces are introduced, and the structure of quantum weighted projective lines or quantum teardrops are described in detail. In particular the presentation of the coordinate algebra of the quantum teardrop in terms of generators and relations and classification of irreducible * -representations are derived. The algebras are then analysed from the point of view of Hopf-Galois theory or the theory of quantum principal bundles. Fredholm modules and associated traces are constructed. C * -algebras of continuous functions on quantum weighted projective lines are described and their K-groups computed.
Introduction
Weighted projective spaces are examples of orbifolds that are not global quotients of manifolds by groups. Perhaps the most elementary definition of a weighted projective space is this. Consider the 2n + 1-dimensional sphere S 2n+1 as a subset of C n+1 of all points (z 0 , z 1 , . . . , z n ) such that i |z i | 2 = 1. Given n + 1 pairwise coprime numbers l 0 , . . . l n , one can define the action of the group U(1) of all complex numbers u of modulus one on S 2n+1 by (z 0 , z 1 , . . . , z n ) · u = (u l 0 z 0 , u l 1 z 1 , . . . , u ln z n ). The weighted projective space WP(l 0 , l 1 , . . . , l n ) is the quotient of S 2n+1 by this action. For n = 1, WP(1, 1) is the two-sphere S 2 = CP 1 , while WP(1, l) is the teardrop orbifold studied by Thurston [20] . This formulation of weighted projective spaces makes the definition of quantum weighted projective spaces 1 where q is a real number, q ∈ (0, 1); see [19] . For any n + 1 pairwise coprime numbers l 0 , . . . , l n , one can define the coaction of the Hopf algebra O(U(1)) = C[u, u * ], where u is a unitary and grouplike generator, as 2010 Mathematics Subject Classification. 58B32; 58B34. 1 We choose the adjective quantum rather than noncommutative to indicate that weighted projective spaces discussed here appear in the realm of compact quantum groups and to differentiate them from noncommutative weighted projective spaces defined within algebraic geometry in [1] .
This coaction is then extended to the whole of O(S In the case l 0 = l 1 = · · · = 1 one obtains the algebra of functions on the quantum complex projective space CP n q [19] (see also [15] ). In this article we concentrate on the quantum weighted projective lines, i.e. on the case n = 1. For a pair of coprime positive integers k, l, we give the presentation of O(WP q (k, l)) in terms of generators and relations and classify all irreducible representations of O(WP q (k, l)) (up to unitary equivalence). In particular we prove that all infinite dimensional irreducible representations are faithful. We then proceed to analyse the structure of O(WP q (k, l)) as coinvariant subalgebras. We prove that O(S 3 q ) is a faithfully flat Hopf-Galois
-comodule algebra with coaction ̺ k,l if and only if k = l = 1. This is in perfect agreement with the classical situation where it is known that the teardrop manifolds are not global quotients of the 3-sphere. On the other hand, we prove that in the case k = 1, O(WP q (1, l)) is a coinvariant subalgebra (or a base) of a principal C[u, u * ]-comodule algebra that can be identified with the coordinate algebra of the quantum lens space O(L q (l; 1, l)). We explic-
is not a trivial principal U(1)-bundle over WP q (1, l)) in two different ways. First, purely algebraically we deduce non-cleftness by studying units in the algebra O(L q (l; 1, l)). The second method involves index calculations which start with construction of Fredholm modules and associated cyclic cocycles or Chern characters τ s on O(WP q (k, l)). Then, using the explicit description of strong connections in O(L q (l; 1, l)) we calculate a part of the Chern-Galois character. Finally we evaluate τ s at the computed part of the Chern-Galois character and show that the results are different from zero. From this we conclude that the finitely generated projective
is not cleft. Finally, we look at the topological aspects of quantum teardrops, construct C * -algebras C(WP q (k, l)) of continuous functions on the quantum weighted projective lines and identify them as direct sums of compact operators on (separable) Hilbert spaces with adjoined identity. Through this identification we immediately deduce the K-groups of C(WP q (k, l)).
Throughout we work with involutive algebras over the field of complex numbers (but the algebraic results remain true for all fields of characteristic 0). All algebras are associative and have identity.
The coordinate algebra of the quantum teardrop and its representations
The algebra of coordinate functions on the quantum three-sphere O(S 3 q ) is the same as the algebra of coordinate functions on the quantum group SU(2), i.e. O(S 3 q ) = O(SU q (2)); see [22] . The generators of the latter are traditionally denoted by α = z 0 and β = z terms of α and β relations (1.1) come out as
where q ∈ (0, 1). Setting k = l 0 and l = l 1 , the coaction
The elements a and b satisfy the following relations
) is isomorphic to the * -algebra generated by generators a, b and relations (2.3). and α * p β r β * s , p, r, s ∈ N. Since the coaction is an algebra map,
Proof. (i) A basis for the space O(S
The first of these elements is coinvariant provided kp − lr + ls = 0, i.e. kp = l(s − r). Since k and l are coprime numbers, p must be divisible by l, i.e. p = ml for some m ∈ N. Therefore, r = mk + s and the only coinvariant elements among the α p β r β * s are those of the form
By similar arguments, the only coinvariant elements among terms of the form α * p β r β * s are scalar multiples of ( (iii) Denote by O(WP q (k, l)) the unital * -algebra generated by generators a and b and relations (2.3). Parts (i) and (ii) establish the existence of the following surjective * -algebra map
Note that the Diamond Lemma immediately implies that the elements
form a basis for O(WP q (k, l)). The map θ sends these elements to
respectively. As these are linearly independent elements of O(S 3 q ), the map θ is injective, hence an isomorphism of * -algebras as required. ⊔ ⊓ In the remainder of this section we study representations of O(WP q (k, l)) identified with the * -algebra O(WP q (k, l)) generated by a and b subject to relations (2.3) . This analysis leads to an alternative proof that the map θ (2.4) is an isomorphism. (k, l) ).
(i) One dimensional representation
Proof. First consider the case when π(a) = 0. The relation
(1−q −2m a) implies that π(b) = 0, and this is the one dimensional representation.
Let V denote the irreducible representation space in which π(a) = 0. It is immediate from the relation ab = q −2l ba that ker(π(a)) = V or ker(π(a)) = 0. Since the first case is excluded by assumption π(a) = 0, we conclude ker(π(a)) = 0. Suppose that the spectrum of π(a) is discrete and consists only of 0, q 2 , q 4 , ..., q 2l . If v is an eigenvector of π(a) with eigenvalue q 2i , then the relation ab = q −2l ba implies that w = π(b)v is an eigenvector with eigenvalue q 2i−2l . Therefore the spectrum also contains q 2i−2l , which contradicts the assumption that 0, q 2 , ..., q 2l are the only elements of the spectrum of π(a). Thus there must exist λ ∈ sp(π(a)) such that λ = q 2i for i ∈ {1, 2, ..., l}. This means that there exists a sequence (ξ n ) nǫN of unit vectors in the representation space V such that
We show that there exists N ∈ N and C > 0 such that π(b * )ξ n ≥ C, for all n ≥ N, using the relation
By the remainder theorem, this relation can be expressed in the following format:
where p(a) is a polynomial in variable a of degree less than k + l. The triangle inequality and the norm property x y ≥ xy imply that:
Therefore,
is positive, the existence of the desired N and C follows from (2.8) above. Hence we conclude that
are unit vectors for n ≥ N. Our goal now is to show that
which is the same as asserting q −2l λ ∈ sp(π(a)). Assuming n ≥ N, hence π(b)ξ n ≥ C, and using the relation ab = q −2l ba we obtain
Hence we have shown that if λ ∈ sp(π(a)) then q −2l λ ∈ sp(π(a)). So the spectrum contains λ, q −2l λ, q −4l λ, .... Since we require this sequence to be bounded there must exist an n ∈ N such that q −2nl λ = λ 0 , the largest possible eigenvalue, i.e. λ = q 2nl λ 0 for some n ∈ N. Hence we have shown that sp(π(a)) ⊂ {q 2nl λ 0 : n ∈ N} ∪ {0}. The implication of this calculation is that there exists a unit vector ξ such that π(a)ξ = λ 0 ξ. We now use this fact to calculate directly the representations.
It follows from the relation ab
which shows that π(b * p )ξ are eigenvectors of π(a) which have distinct eigenvalues q 2lp λ 0 . Thus the vectors:
form an orthonormal system. We now show that the span of the e p is closed under the action of the algebra:
On the other hand,
, which simplifies to
Reversing the order of multiplication by using the substition r ′ = l − r we arrive at the following result:
Considering the case when p = 0 we see that π(b)e 0 = π(b)ξ = 0 since π(b) acts as a stepping down operator on the basis elements e p . This implies that
(1 − λ 0 q −2r ′ ) = 0, therefore λ 0 = 0, which corresponds to the one dimensional case, or λ 0 = q 2s for some s ∈ {1, 2, ..., l}, which relates to the infinite dimensional case. ⊔ ⊓
Proposition 2.3. Each of the representations π s is a faithful representation.
Proof. We use reasoning similar to that in the proof of [11, Proposition 1] . Consider an arbitrary element of O(WP q (k, l)) expressed as a linear combination of the basis (2.5),
µ m,n , ν m,n ′ ∈ C, and suppose that π s (x) = 0, i.e. π s (x)e (use (2.3) repetitively). Since this must be true for all n ≤ p, and the vectors e s p−n are linearly independent for different n, we obtain a system of equations, one for each n,
There are only finitely many non-zero coefficients µ m,n . Let N be the smallest natural number such that µ m,n = 0, for all m > N. Define
Then equations (2.9) for µ m,n take the form
The matrix of coeffcients of the first N + 1 equations (for p = 0, 1, . . . , N) has the Vandermonde form, and is invertible since λ p,n = λ p ′ ,n if p = p ′ (remember that q ∈ (0, 1)). Therefore, µ m,n = 0 is the only solution to (2.9). Similarly one proves that necessarily ν m,n ′ = 0 and concludes that π s is an injective map. ⊔ ⊓ Finally, we look at the way representations of O(WP q (k, l)) are related to representations of the quantum sphere algebra O(S given on an orthonormal basis e n , n ∈ N of V by [18] (2.10) π(α)e n = 1 − q 2n 1/2 e n−1 , π(β)e n = q n+1 e n , (see also [21] ). Then there exists an algebra isomorphism φ : End(
where θ is the * -algebra map given by formulae (2.4). Consequently, θ is a monomorphism.
Proof. Consider the vector space isomorphism, 
, be the induced algebra isomorphism. Using (2.10) one easily finds that 
This immediately implies that, for all
(a) the coaction ̺ is free, that is the canonical map
is bijective (the Hopf-Galois condition); (b) there exists a strong connection in A, that is the multiplication map
splits as a left B-module and right H-comodule map (the equivariant projectivity).
As indicated in [16] , [4] or [8] and argued more recently in e.g. [2] or [9] , principal comodule algebras should be understood as principal bundles in noncommutative geometry. In the first part of this section we prove that only in the case of the quantum 2-sphere (i.e. k = l = 1), O(S 3 q ) is a principal O(U(1))-comodule algebra over O (WP q (k, l) ). In that case we are dealing with the well-known quantum version of the Hopf fibration. 
, and it is known that O(S 3 q ) is a principal comodule algebra that describes the quantum Hopf fibration (over the standard Podleś sphere); see [4] or [10] . We assume, therefore, that k = l (i.e. (k, l) = (1, 1) ), and show that 1 ⊗ u is not in the image of the canonical map in that case. We proceed by identifying a basis for O(SU q (2)) ⊗ O(SU q (2)) and applying the canonical map to observe the form of the codomain.
A basis for O(SU q (2)) ⊗ O(SU q (2)) consists of
where h, m, n,h,m,n,p ∈ N. Hence, applying the canonical map we conclude that every element in the image of can is a linear combination of:
where h, m, n,h,m,n,p ∈ N.
To obtain identity in the first leg we must use one of the following relations (2.1b) or equations which include terms of the form α * n α m or α n α * m . A straightforward calculation gives the following:
when n > m, and
We see that to obtain identity in the first leg we require the powers of α and α * to be equal. We now construct all possible elements of the domain which map to 1 ⊗ u after applying the canonical map.
Case 1: Use the second term in (3.1) to obtain α N α * N . In this case: h =p = N, n +n = m +m = 0. Since n,n, m,m ∈ N we must have n =n = m =m = 0. Also −lm + ln − kp = 1, which implies that −kp = 1, hence there are no possible terms.
Case 2: Use the third term in (3.1) to obtain α * N α N . In this caseh = p = N, m =m = n =n = 0. Also kh − lm + ln = 1, which implies that kh = 1, hence k = 1 andh = 1. Therefore, the only terms of the form α * N α N are when N = 1 and in this case k = 1. We now look at the other terms which are of the form ββ * so that we can use the relation α * α + q −2 ββ * = 1. Four possibilities need be considered, one for each of the terms in (3.1). In the case of the first of these terms h =h = 0, m +m = 1, n +n = 1 and kh − lm + ln = 1, which implies that l(n −m) = 1, hence l = 1 andn −m = 1. The only solution is: l = 1, n =m = 0, m =n = 1, h =h = 0. A similar approach can be used when considering the remaining terms in (3.1) to conclude that in all four cases one is forced to require l = 1. Therefore, it is impossible to obtain a term of the form 1 ⊗ u when both k and l are not simultaneously equal to one. This implies that O(WP q (k, l)) ⊆ O(SU q (2)) is not a Hopf-Galois extension when k and l are not both one. ⊔ ⊓ Theorem 3.2 asserts that the defining action (2.2) of U(1) on the quantum group SU q (2) does not make it a total space of a quantum U(1)-principal bundle over the quantum weighted projective space WP q (k, l), unless k = l = 1 (the case of the quantum Hopf fibration). The remainder of this section is devoted to construction of a quantum U(1)-principal bundle over the quantum teardrop WP q (1, l) with the total space provided by the quantum lens space L q (l; 1, l).
The coordinate algebra of the quantum lens space O(L q (l; 1, l)) is defined as follows [13] . The coordinate (or group) algebra of the cyclic group Z l , O(Z l ), is a Hopf * -algebra generated by a unitary grouplike element w satisfying w l = 1. O(SU q (2)) is a right O(Z l )-comodule * -algebra with the coaction
O(L q (l; 1, l)) is defined as the coinvariant subalgebra of O(SU q (2)) under the coaction ̺.
Following similar arguments to those in Section 2 one easily finds that O(L q (l; 1, l)) is a * -subalgebra of O(SU q (2)) generated by c := α l and d := β. These elements satisfy the following relations:
Universally, O (L q (l; 1, l) ) can be defined as a * -algebra generated by c and d subject to relations (3.2) .
Again, following the same techniques as in Section 2 one can classify -up to unitary equivalence -all irreducible * -representations of O (L q (l; 1, l) ). There is a family of onedimensional representations π As for quantum teardrops, there is a vector space isomorphism l; 1, l) ) is a right comodule algebra over the Hopf algebra O(U (1)
It is an easy exercise to check that
through the identification a = cd, b = dd * .
Theorem 3.3. The coordinate algebra of the quantum lens space
Proof. As explained in [6] , [3] , a right H-comodule algebra A with coaction ̺ : A → A ⊗ H is principal if and only if it admits a strong connection, that is if there exists a map ω : H −→ A ⊗ A, such that
Here µ : A ⊗ A → A denotes the multiplication map, η : C → A is the unit map, ∆ : H → H ⊗ H is the comultiplication, ε : H → C counit and S : H → H the (bijective) antipode of the Hopf algebra H, and σ : A ⊗ H → H ⊗ A is the flip.
A strong connection for O(L q (l; 1, l)) is defined recursively as follows. Set ω(1) = 1 ⊗1 and then, for all n > 0,
where, for all x ∈ R, the deformed or q-binomial coefficients l m x are defined by the following polynomial equality in indeterminate t
By construction, ω has property (3.3a). The remaining properties are proven by induction on n. That µ(ω(u)) = ε(u) = 1 follows by the second of equations (3.2b) combined with (3.5). Applying id ⊗ ̺ l to the right hand side of (3.4a) (with n = 1), one immediately obtains that (id ⊗ ̺ l )(ω(u)) = ω(u) ⊗ u, as required for (3.3c). Similarly one checks (3.3d). Now, assume that ω(u n−1 ) satisfies conditions (3.3b)-(3.3d). Then, multiplying the right hand side of (3.4a) and using µ(ω(u n−1 )) = ε(u n−1 ) = 1, we obtain
by (3.2b) and (3.5). Since ̺ l is an algebra map and
by inductive assumption, we can compute
as required. The left colinearity of ω (3.3d) is proven in a similar way. The case of ω(u −n ) is treated in the same manner. ⊔ ⊓ Recall that a principal H-comodule algebra A is said to be cleft if there exists a convolution invertible, right H-colinear map j : H → A such that j(1) = 1. The special case of this is when j is an algebra map (then its convolution inverse is j • S) and this corresponds to the trivial quantum principal bundle. In the case of comodule algebras over O(U (1) l; 1, l) ) is a subalgebra of O(SU q (2)) the same can be said about O (L q (l; 1, l) ). Thus any convolution invertible map j : O(U(1)) → O (L q (l; 1, l) ) must have the form j(u) = λ1, for some λ ∈ C * . This, however, violates the right O(U(1))-colinearity of j. ⊔ ⊓ The surjectivity of the canonical map in Definition 3.1 corresponds to the freeness of the coaction ̺ of H on A. By Theorem 3.2 we know that if (k, l) = (1, 1), then the coaction ̺ k,l of O(U(1)) on O(SU q (2)) is not free. However, Theorem 3.3 implies that ̺ 1,l is almost free in the following sense.
Definition 3.5. Let H be a Hopf algebra and let A be a right H-comodule algebra with coaction ̺ : A → A ⊗ H. We say that the coaction is almost free if the cokernel of the (lifted) canonical map
is finitely generated as a left A-module.
Corollary 3.6. The coaction ̺ 1,l is almost free.
Proof. Note that the * -algebra inclusion
where can is the (lifted) canonical map corresponding to coaction ̺ 1,l . This means that
is finitely generated, hence so is coker(can). ⊔ ⊓
Fredholm modules and the Chern-Connes pairing for quantum teardrops
In this section first we follow [14] (see also [12] and [7] ), and associate even Fredholm modules to algebras O(WP q (k, l)) and use them to construct traces or cyclic cocycles on O(WP q (k, l)). The latter are then used to calculate the Chern number of a noncommutative line bundle associated to the quantum principal bundle O(L q (l; 1, l)) over the quantum teardrop O (WP q (1, l) ).
Recall from [5, Chapter IV] that an even Fredholm module over a * -algebra A is a quadruple (V, π, F, γ), where V is a Hilbert space of a representation π of A and F and γ are operators on V such that, F * = F , F 2 = I and for all a ∈ A, the commutator [F, π(a)] is a compact operator, and γ 2 = I, γF = −γF . A Fredholm module is said to be 1-summable if [F, π(a)] is a trace class operator for all a ∈ A. In this case one associates to (V, π, F, γ) a cyclic cocycle on A or a Chern character τ by τ (a) = Tr (γπ(a)). 
Here n ∈ Z and, for a positive n, b −n means b * n .
Proof. It is obvious that
Using the formulae in Proposition 2.2 one easily finds, for all m, n, p ∈ N,
compare the proof of Proposition 2.3. This implies that, for positive m, π s (a m b n ) are trace class operators, as Tr (π s (a m b n )) = 0 if n = 0 and
, and π 0 (1) = 1, we conclude that, for all x ∈ O(WP q (k, l)), π(x) − π s (x) is a trace class operator. Therefore, (V s , π s , F, γ) is a 1-summable Fredholm module.
Finally, τ s (x) = Tr (γπ s (x)) = Tr (π s (x) − π(x)), and the formula (4.1) follows by equation (4.2) . ⊔ ⊓ Note that the form of the Chern character of (V s , π s , F, γ) is independent of k. In the case l = 1, necessarily s = 1 and τ 1 coincides with the trace calculated for the quantum 2-sphere in [14] . Similarly to the case studied in [14] , the characters τ s on O(WP q (k, l)) factor through the algebra map
An idempotent E[n] for L[n] is given as follows. Write ω(u n ) = i ω(u n ) [1] i ⊗ ω(u n ) [2] i . Then (4.3) E[n] ij = ω(u n ) [2] i ω(u n ) [1] j ∈ O(WP q (1, l) ). The traces of powers of each of the E[n] make up a cycle in the cyclic complex of O(WP q (1, l) ), whose corresponding class in homology HC • (O (WP q (1, l) )) is known as the Chern character of L[n]. In general, the result of the combined process that to an isomorphism class of a corepresentation of a Hopf algebra H assigns the Chern character of the B-module associated to the H-principal comodule algebra A is known as the Chern-Galois character. In particular, the traces of E[n] form the zero-component of the Chern-Galois character of O (L q (l; 1, l) ). Should O(L q (l; 1, l)) be a cleft principal comodule algebra, then every module L[n] would be free. Thus an alternative way of showing that O(L q (l; 1, l)) is not cleft is to prove that, say, L [1] is not a free left O(WP q (1, l) )-module. 
